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NATIONAL ADVISORY COMMITTEE FCOR AERONAUTICS

TECHNICAL NOTE NO. 1360

THE STABILITY OF THE LAMINAR BOUNDARY LAYER
IN A COMFRESSIBLE FLUID

By Lester Lees
SUMMARY

The present paper is a continuation of a theoretical investl-
gation of the stability of the laminar boumdary layer in a com- =
pressible fluld. An approximate estimate for the minlmum critical
Reynolds number Re"rmi » or stablllty limit, is obtained in berms

of the distribution of the kinematic viscosity end the product of

—— ' . %
the mean density p¥% and mean vorticity du® across the boundary

dar
. layer. With the help of this estimate for Rp , 1t is shown
Cl‘min ’
that withdrewing heat from the fluld through the sclid swrface
increases Recrmi and stabllizes the flow, as compared with the
n )
flow over an insuwlated surface at the same Mach munber. Conduction
of heat 4o the fluld through the solid surface has exyactly the
opposite effect, The value of Recr for the insunlated surface

decreases as the Mach number increases for the case of a wniform
free-stream veloclity., These goneral conclusions are supplemented
by detalled calculations of the cwrves of wave number (inverse

wave length) against Reynolds number for the neutral dlsturbances
for 10 representative cases of insulated and noninsulated surfaces.

So far as leminar stabllity is concerned, an important 4if-
ference exlgts between the case of a subsmic and supersonic froe-
gtroam velocity outside the boundary laysr. Theo nsubral boundary-
" layer disturbances that are significant for laminer stability die
out exponentially with distance fram the solid surface; thorefore
tho phasc wvelocity o¥ of those disturbances is subsonic relative

to the free-stream velocity uo* - or u ¥ - c*< ao s vhere ag a_¥

. u
is the local sonic velocity. When fachi =My < 1 (vhere M, is

a*

free-stream Mach number), it follows 'bhat 0 < e* < S Xpays ond eny
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laminsr boundary-layer flow 1s ultimately unstable at sufficlently
high Reynolds numbers because of the destabilizing action of vie-
cosity near the solid surface, as explained by Prandtl for the

_ - -
incompressible {luwid. When M, > 1, however, _9—-— >1 - I—«ih > 0.
7§ X (o)
(o)

If the quanbtlty [—E— 533 d—'E—*) s large enough negatively,
dy* dy* il

the rate at which energy passes from the disturbance to the mean

dy* dy*

always be large enough to counterbalance the rate at which energy
passed from the mean flow to the distwrbance because of the desta-
bilizing action ofviscosity near the solld surface. In that case
only damped disturbences exist and the leminar boundary layeor is
(completely stable at all Reynolds numbers. This condition occurs
vhen the rate at which hoat ig withdrawn from the fluid through
the solid surface reaches or exceeds & critical value that depends
only on the Mach number and the properties of tho gas. Calcula-
tions show that for M, > 3 (approx.) the laminar boundary-layer
flow for thermal egquilibrium - vhere the heat conductlion through
the golid surface balances the heat rediated from the surface - 1s
completely mtable at all Reynolds numbers under free-flight conditions

d [ au*
flow, which is proportional to -c¥ }j-— [p% - ;s can
- k= c¥*

. disturbances, which is roughly proportional to 1

\1f the free-streeam velocity 1s uniform.

The results of the analysis of the stabllity of the laminer
boundary layer must bo applied with care to discussions of transil-
tion; however, withdrawing heat from the fluld through the soclid
surface, for exsmple, not only increases Recrmin but also

decreases the initiel rate of amplification of the self-oxcltod

- Thus
Srmin ’
tho effect of the thermal condltions at the solid surface on the
transitlion Reynolds number Ry 1g similar to the effect on Ry .
A camparison between this conclusion and experimental invegtigatbions
of the effect of surface heating on transitlon at low spceds shows
‘that the results of the present paper give the proper direction of
this effecth. '

The extension of the rosulte of the stabllity amalysls %o
Jlaminar boundery-layer, gas flows with a pressure gradient in the
direction of tho free streoam is discussed.
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INTRODUCTION

: By the theoretical studies of Helsenberg, Tollmien, Schlichting,
and Lin (references 1l to 5) and the careful experimental investi-
gations of Liepmann (reference 6) and H. L, Dryden and his asso-
ciates (reference 7), 1t has been definitely established that the
flow in"the laminer boundary layer of & viscous hamogensous incom-
pressible fluld is unstable above a certaln characteristic critical
Reynolds number. When the level of the disturbances in the free
stream is low, as in most cases of technical interest, this inherent
instabllity of the laminar motlon at sufficiently high Reynolds
numbers is responsible for the ultimste transition to burbulent
flow in the boundary layer. The steady laminar boundary-layer flow
would always represent a possible solubtion of the steady equations
of motlon, but this sheady flow is in a stabte of unstable dynamic .
equilibriwmn above the critical Reyholds number.. Self-exclited dis-
turbances (Tollmien waves) appear in the flow, and thess disturb-
ances grow large enough eventually to destroy the laminar mobion.

The question naturally arises as to how the phencmena of
laminer instability end transition to burbulent flow are modifled
" vwhen the Tlwid velocities and bemporature variations in the boundary
layer are large enough so that the compressibility and conductivity
of the fluid can no longer be neglocted. The preosent papsr repre-
sents the second phese of a theoretical investigation of the sta-
bility of the laminar boundary-layer flow of a gas, in which the
conpresgibllity and heet conductivity of the gas as well as its
viscosity, are taken into account. The first part of this work
was presented In reference 8. The objJects of this investigation
are (1) to dotermine how the stability of the laminer boundary
leyer 1s affected by the free-strcam Mach mumber and the thermal
conditions at the solid boundery and (2) to obbtain a betber under-
standing of the physical basis for tho instability of laminar gas
flows. In this sense, the presont study 1s an sxbtension of the
Tollmien-Schlichting analysis of the stability of tho laminaer flow
of an incampressible fluid, bubt the investigatlion 1s also concorned
with the general question of boundary-layer disturbances in a -
comprossible fiuld and their possible interactions with the main
external flow.

SYMBOLS

With minor exceptions the symbols used in thls paper are tho
gseme ag those introduced in rofercnce 8. Physical quantities are

3
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denoted by an asterisk, or star, wheréas the corresponding non-
dimensional quantities are unstarred. A bar over a quantlity denotes
measn value; a prime denotes a fluct,uation, the subscript o denotes
freeo~-gtream values at the "edge" of the boundary layer; the sub-
seript 1 denotes values at the solld surface, and the sub-
seript ¢  denotes values at the imner "“critical layer", where
the phase velocity of the disturbance equels the mean flow veloclty,
The free-stream values are the characteristic measures for all non-
dimensional quantities. The characteristic length msasure is tho -
boundary-lsyer thickness &, except where otherwise indlcated.
Note that in order to-conform with standard notation, the symbol &
for boundary-layer thickness is ungtarred, vhercas the symbols ¥
“end - 6 are used for boundary-lsyer dlsplacement thickness and '
boundary-layeor momentum thickneas, respectively.

x*- distance along surface
y* distance normal to surface
t¥ time
ux camponent of velocity in x¥-direction
we 2
Bt
v component of veloclty ln y¥-dlrection '
" :
T
oF
g | ‘stream function for mean flow
o¥% density of gas
r* .preseure of gas
ity temperature of gas
T* laminar shear gtress
ul* - ordinary coe:f‘ficien’c:.of vigcogity of s ...

v kinematic viscosity of gas (;;l*/b*)

L
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thermal conductivity of gas

gpecific heat at constant volume
gpeciflc heat at constant :g;ressu:re

gas constant per gram

ratio of specific heats (cp /cv) s 1.405 for air

camplex pHase velocity of boundary-layer disturbance
wave length of boundary-layer disturbance

-

boundary-léyer thickness

bouvndary-layer ﬂsplacement thickneas f (r - pw)dy’)
. Jo _

boundary-layer momentum thickness (f pw(l - w)ay*

wave number of boundary-layer disturbance (2mn/a%)

_2x
A% /8
ox
A* [0
Po* ug* 8
Reynolds number

¥*

H]_o
Rl

Mach number .
(\,73* T ¥>

5



WACA TN No. 1360

5

o} Prandtl nuber (Cp ===
k *
¢]

1. PRELIMINARY CONSIDERATIONS

In the first phase of this investigation (reference 8) the
gtability of the laminar boundary-layer flow of a gas l1s analyzed
by tho method of small perturbations, which was already so suc-
cessfully utilized for the study of the stability of the laminar
flow of an incompressible fluid, (Bes reference 5.) By this
method a nonsteady gae flow is investigated in which all physiocal
quantities differ from their values in a glven steady gas flow
by sumall perturbations that are functions of the time and the space
coordinates, This nonsteady flow must satisfy the complete gas-
dynamic equations of motion and the same boundary conditions as
the' given steady flow. The question is whethor the nonsteady flow
demps to the steady flow, oscillates about it, or diverges from it
with time - that is, whether the small perturbations are damped,
neutral, or self-excited &isturbances in time, and thus whether
the given steady gas flow 1s steble or unsbtable. The analysis is
particularly cohcernod with the conditions for tho exlstence of
neutral disturbances, which mark the transition from stable to
unstable flow and define the minimum criticel Reynoclds number,

In order to bring out some of the principal features of the
stability problem without becoming involved in hopeless mathe-
matical complications, the solid bowmdary 1s taken as two dimen-
gional and of negligible curvature and the boundary-layer flow is
regarded as plane and essentially parallel; that is, the veloclty
component in the direction normasl to- the surface 1s negliglible and
the veloclty component parallel. to the swrface is a functlon mainly
of the distance normal to the surface. The small dlsturbances,
vhich are also two dimensional, are analyzed into Fourler com-
ponents, or normal modes, periodlc in the directlon of the free
stream; and the amplitude of each one of these partial osclllations
is a function of the distance normal to the solid swurface, thad

is;. e = m f(y) ei@(x-ct).

- In the study of the stabllity of the laminsr boundary layer,
it will be seen that only the local properties of the "parallel"
flow are significant. To lnclude the varlation of the mean veloclty
in the direction of the free stream or the velocity component normal

6
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to the solid boundary in the problem would lead only to higher order
terms in the differential equations governing the disturbances,
since both of these ractors ere inversely proporiional ‘o the local
Reynolds number based on the boundary-layer thickness. (See,. for
example, reference 2.) By e careful analysis, Pretsch has shown
that even with a pressure gredient in the direction of the free
. stream the local mean-velocity distribution alone determines the
stabllity characteristics of the lccal boundary-layer flow at
- large Reynolds mumbers {reference 9). Such a statement applies
only to the stabllity of the flqw wlthin the boundary layer. For
the interaction between the boundery layer and & main "external
gupersonic flow, for coxsmple, it 1s obviously the variation in
boundary-layer thic]mess and mean velocity along the surface that
is significant. (Seo reference 10.). :

The aforementionsad cons:.dera‘bions also lead quite maturally
to the sbudy of individusl. par’cial oscillations of 'bhe

form £(y) otX*)  por untch the aifferential equations of
distwrbance do not contain x and 1t eoxplicitly. Those partial
oscillations are ideally suited for the gbudy of instebillity, for
in order to show that-a flow 1s unstable 1t is unnecessary to
consider the most general posalble disturbance; in fact, the
slmplost will suffice, It 1a only necessaxry to shov that a
-particuler disturbance satisfying the equations of motion and the
boundary conditions is self-excited or, in this case, that the]
Imaginary part of the complex phase velocity c¢ is positive.

In reference 8 the differential egquations goverming one
"normal mode of the disturbances in the laminar boundary layer of
a gas were dsrived and studied very thoroughly. The complete seb
of solutions of the disturbsnce squations was obtained and the
physical boundary conditions that these solubions satisfy were
investigated, It wag found that the final relaetion between the
values of ¢, o, and R +that detormines the possible neutral
disturbances (limits of stability) is of the seme FTorm in the
compresgible fluld as in the incompressible fluid, to a first
approximation. . The basgig Tor this result is the fact that for
Roynolds numbors of the order of those encountered in most aero-
dynemic problems, the temperature disturbances have only a negligible
effect on those particular velodélty solutions of the disturbance
equations that depend primarily on the viscoslty (viscous solu-
tions). To a.first approximation, these vlscous solutions there-
fore do not depend directly on theo heat conductivity and are of
the sams form as in the incomprosgsible fluid, except that thoy
involve the Roynolds number based on the kinomatic viscosity noar
the solid bourndary (vhere the viscous forces arc important) rather
than in the froe streem. In this first approximation, the second

T
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viscosity coefficlent, which 1s a measure of the dependence of the
pressure on the rate of change of density, does not affect the sta-
bility of the laminar boundary layer. From these results 1t was
inferred that at large Reynolds. nwbers the influvence of the viscous
forces on the stability 1s essentilally the same as in an incom-
pressible fluid., This inference is borne ou’c by the results of the
present paper. , .

The - influence of the inertial forces on the stability of the
laminar boundary layer is reflected in the behavior of the asymp-
totic inviscid solutiong of the disburbance squations, which are
independent of Reynolds number in first approximation. The results
obtained in referonce.8 show that the behavlior of the inertial
Torces ls dominated by the distribution of the product of tho mean

denslity and mean vorticity pq'z across the boundary layor. (Tho

gradient of this guantity, or E—(pdw) which plays the game role

ar\ &y
as the gradlent of the vorticity-in the case of an incompressible’
fluid, 1s = measure of the rate at which the x-mementum of the
thin layer of fluld near the critical layer (where w = c)
increases, or decreases, because of the transport of momentum by
the disturbance.) In order to clarify the behavior of the inortial
forcos, the limiting case of an inviscid fluid (R—y ) is studled
in detail in roference 8. - The following gomeral criterions aro

obtalned: (1) If the guantity %(p%’ vanlshes for somo value

of w>1l- I%’“" then neutral and self-exclted subsonic disturb-

L
o _
ancos oxiet and the inviscid compressible flow is unstablo,
d .
(2) If the quantity ——-(:&Y) does not vanish for some wvalue

of w>1 ~ }—-,
My’
longth are dsmped and the inviscid compressi‘ble flow is stable.
(Outsido the boundary layer, the relative velocity: between the mean’
flow and the x~component of the phaso veloclity of a subsonic dis-
turbance is loss ‘than the mean sonic volocity. Tho magnitude of
such a disturbence dics out exponentially with dlstance from the

solid surfaco ') (3) ™ goneral, a disturbance ,gains onergy from

the mean flow if %(pd-s) is pogltive at the cri’c:.cal layor

(wvhore w = ¢) end losos energy to the moan flow if [£ (d.w ] <0.

thon all subsonic disturbances of‘ fini'be wave

dy

W=C

8





























































































































































































































































































































































































































































































