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THE mLmCY..m THE riM4mPR BOUNDARY .I;Ayw 

By Lester Lees 

The present paper is a continwtion of a. theoretical investi- 
@tion of the s tab i l i ty  of the lanrLnar boundary layer in  a ccm- A 

pressible fluid. An appro3dmate ent-te fo r  the minimum cx2tical 
Reynolds rimer Q cer s tab i l i ty  liui't, 1% obtained in terms 

crrlLLn' 
of '  the distribution of the Unematic viscoeity and tho product of - 

au* 
the mean density $ and mean vort ici ty - acroes the boundary 

Q+ 
. layer ,  With the help of t h i s  estimate for  Re  it 3,s shown 

cr-' 
that  withdrawing hest from the fluid , thro~@ the solid surf a.ce 
increases Q and s t a b i l j z e ~  the flow, rn cmpared wi-t;h the 

crluin 
f l o w  mer  an insulated surface a t  the ellme Mach numbor. Conduction 
of heat t o  the  f lu id  through -the solid surface has exactly the 
opgosite effect.  The value of Q fo r  t he  inauLated surface 

c r o  
decreases as the Mach number increases fo r  the case of a mfom 
free-stream velocity, These goneral concl~mions a r o  supplemented 
by detailed calculations of the curvos of wave numbw (inverse 
wave length) againat R e p o l b  number fo r  .tho neutral distuxbances 
for 10 representative cases of immlated and nonimuhted surfaces. 

So f a r  a s  laminar stability is concerned, an i qo r tan t  dif- 
ference exLsts between the case of a subsonic an6 supersoxlic fkoe- 
stroam velocity outside the'boundary layer. fCho neutral boundary- 
layer disturbance~l that aro significant fo r  laminar s tab i l i ty  die 
out es=ponent;ially with distance f r a m  tho solid slwface; thoroforo 
tho phaso volocity c* of those diaturbancos is aubsanic re la t ive  " - 
t o  the free-stream velocity - or uo*. - c* < ;;;;", whexo aT* - 

- i s  We local  sonic velocity. When Uo* = = Mo < 1 (rhore No is ' 

"0" 
free-stream Mach number), it fo l l okw that  0 < c* ( c*,,; and any - - 



laminar boundmy-layer flow is ttltjlmatel$ unstable a t  8uf'ficientl.y 
high Reyno1d.s num'bers became of the des-babilieiry3 action of vis- 
cosity near the aol id  surface, as ewlained by Prandtl f o r  a o  

c* 1 '  
incaqress ib le  fluid. When M , > l ,  however, = > 1 - - > 0. 

uo" Id* 

If the quantity .Is Urge enou&h negtitively, 

t he  r a t e  a t  which energy paeses From the dietwbance t o  the mean 

flow, which i e r  proportianal to -+ [& (F $)I - , 
.u*= c* 

a l h y s . b e  l m g e  enou& t o  counterbalancs the r a t e  a t  which energy 
passeif fYam the mean flow t o  the dfeturbance because of tho desta- 
bilizing actkon of 'visoosity now. the ~ t o l i d  surface. Ln t ha t  case 
only 'fhnqed Ust&bencos ex i s t  and tho laminar boundnry l4vor 18 
completely sta'ole a t  all Reynolde nwbere. T h l s  cordition oocure 
vhen the r a t e  a t  which heat fs withdrawn Cram tho f luid  t ~ o ~  
the so l id  surface reachea or oxceods a c r i t i c a l  valua t ha t  deponds 
only on the Mach nunbur and tho propwtios  of thb ms. Calcula- i t t i o m  show tha t  for 14, > 3 (ap2rox. ) the  laminar boun8gry-layer 

f o r  . t h e m  equflibrium - wilere tho heat cond~?ction through 
the eol id surface balances the heat radiated from tihe surface - i e  
campletely stoble at a l l  ReynoLae nirmbbrs under m e - f l i a t  conditions 
if the free-stream velocity i s  uniform. 

Tho resu l te  of the analysis of the stability of  the kmlnar 
boundary layor must bo applied with c a r a . t o  d i ~ c u e a i o m  of transi- 
tion; howwver, withdrawbg heat A-on tho fluid through the eol id  
surface, for ezamplo, not only inoroases Recrmin Bu"c1eo 

decremoe tho i n l t i a l  r a te  of mpLff$cxition of? tho self-oxcitod 
I . disturbances, which is roughly woportional t o  1 

t h o  effect of t h e  t h o r n 1  condltiona .at tho solid' &xcfaco on tho 
t rans1 tion.. Repold6 nmbkr l e  sWhr t o  %he ef fec t  on Rg 

c ~ d n '  
A comparison betwoen tliis ~o~cluaion k d  e m e r i m g t d .  invoatigations- 
of Che effect of surface heating on t rana i t lon  a t  low s p c o b  ~ h o m  
thit the results  of the present papor &vo q o  pr6pex. e o c t i m  of 
thiB effect .  

Tho extension of the  rosul t s  of the s t a b i l i t y  analysis t o  
.laminar boundary-hyer,gas flows w i t h  a pressure gradient In the 
'direction of tho free stroarn i a  diecuaaod. 
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. . . .  . By the theoretic'al studies of Heisenberg, Tollmien, Schllchting, 
and Lin (referenceg ,l t o  5) and the careful experhental investi- 
gations of Liepmam (reference 6) and H. L. ~ryden and his -80- 

, ci'ates (reference $'), it has been definitely established that the 
flow Ln-the Iim3nar boundary layer of a viacow hanogeneow. incan- 
pressible fluid is unstable above a certadn cheracteristic c r i t i c a l  
Reynolds number. Wren the level  of the disturbances in the free 
stream is low, a8 In most cases of technical .Interest, th58 inherent 
ins tabi l i ty  of tho lamfnar motion a t  s~&ficientl.y high Reynolds 
numbers i a  responsible fo r  tho ultimate transi t ion t o  turbulent 
flow i n  the boundary layer. The steady laminar boundary-1a;ger flow 
would always rapresent a possible solution of the steady epua.ticms 
of motian, but tb.ie steady flow is fn a ~ t a t e  of unstable dynamic . 
equilibrium above %he c r i t i c a l  Remalds number.. Solf-excited dis- 
tmbancss (~ol lmlen waves) appear i n  the flow, end these dis.turb- 
ances grow large enough eventually: t o  destroy the laminar motion. 

The question naturally ar ises  as t o  how the phenomena of 
laninar ins tabi l i ty  an8 transi t ion t o  t u rbaen t  flow are modified- 
when tho iluld velocities and tamporature vrniatiom in  t h o  boundary 
layer are large enou& so that  tho conpresslbillty md conductivity 
of the f l u id  can no longer bo neglected. The prosent papsr repre- 
sents tho socond phese of a theoret icz l invest i@tim of tho 8-k- 
b i l i t y  of the laminar boundary-layor flow of a gas, i n  &ich the 
compressibility and heat conductivity of the gas as w e l l  as its 
viscosity, are taken into account. Tho f i r s t  part of this ~ m r k  
was presented i n  referonce 8. Tho objects of this avost igat ion 
are (1) t o  dotermine how tho s tab i l i ty  of the l.sminftr bowldary 
lager is affocted by the free-eboam Mach n~mbor and the thikl 
conditions a t  the a d i d  boundary an& (2) t o  obtain a better  undcjr- 
standing of the physical basia fo r  tho ins tabi l i ty  of lambax gas 
flows. I n  t h i s  sense, tho prostxlt stu.dy is an oxtermion of tho 
Tollmien-Schlichting a n a l p i s  of the s tab i l i ty  of tho laminar flow 
of an incmpressible fluid, but the investigation ~ E I  also concorned 
with tho general quostlon of boundary-layor d f s t ~ ~ b a n c o s  in a 
camprossiblo fluid and thei r  p o ~ s i b l e  Lntoroctiom with the main 
oxtern31 flow. 

SYMBOLS . 

With minor oxcaptiom the symbols w o 8  i n  th i s  paper aro tho 
same a.s thoso introduced i n  reforonco 8. ' Pwsical quantities are  

3 



, .. 
, . 

denoted by an asterisk, or  star, xhordas the corresponding non- 
dinum~ional quantities are unstarred. A bar over a quantity denotes 
mean Value; a prime denotes a f l uc tua t i a~ ;  the Bubsczip.1; o denotes 
free-&ream valuee a t .  the "odgef' of tho b.oun2law layer; the eub- 
scr ip t  1 denotes, values a t  the. solid' sWa.ce; and the sub- 
scr ip t  c denotes ,values a t  the inner "critical layer", &ere 
the phase velocity of' the dlstm'bance equals %be mean ?low velocity. 
The free-stream values are  the characteristic measures fo r  a l l  non- 
dhmnsianal quantfties. l ! e  characteristic length meaeure is  th6 
boundary-layer t h i c h e s s  8, except wher.e othsmiee indicated. 
no-h- thkt  i n  order to..confom ~ 5 t h  stindard notation, t he  symbol 6 
for'boan&ry-1a.p~ thicknsss .is uwtamed, ihoraas the eymbols 6* 
'and ' 0  are used fo r  bowrdary-layer displacemnt thickness and 
boundary-layor momentum thickness, reqpoctively. 

e. disbnce  along eurf'a.de 

Y++ distance n o m l  to sm9ace . . 

t * time 

c q o n e n t  of velocity fn ~3-1Uroc t l cm 

+ .  coaponent of velocity in p-direct ion 

v stream function f o r  mean flow 

P*  densirty of ga.8 ., 

P" pressure of. gas 

T* t capra tu ro  of gas 

T* laminar shear s t ress  

'"1" ordlnary coefficient: of viscosity of gas . 

IF Mnamatic viscosity of gas (pl*/'p*) 
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thermal conductivity of gas 

specific heat at constant volume 

specific heat at constant ires~ure 

gas constant per p a m  

ratio of Bpecific heats (op/cv); 1.405 for a i r  
. . 

complex phase velocity of 'boundary-layer disturbance 

wave length of boundary-layer disturbance 

bornmy-layer thicbness 

boundary-layer displacement thiciens ( 1 - d.-> 

e boundary-layer mom3ntum thiokn.e*-js 
. , 

cdc wave number of boundary-layer dLaturbance (2x/h*f 
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In the  f i r s t  p h a a  of %hie investigation (reference 8) the 
s t a b i l i t y  of tho laminar boundary-.layer.flow of a g a ~  is  d y z e d  
by tho method of mall pe~%urba.tions, which was already ao suc- 
cessfully utflized for  the  study of-- the s t a b i U t y  of the laninar 
flow of an Zncompreseible fJ.wld, (6ee reference 5. ) By this 
method a nonsteady gaa flow is i n v e s t i p t e d  in which all physioal 
quantit ies d i f fer  from their valuo~l i n  a given s5eady gas flow 
by smaIll perturbations tha t  ar&functions of the time and the space 
coordinates, This nonateady flow must sa t i s fy  tho c o q l e t o  gars- 
d;vaamic equations of motion and the same b o w  cwl i t iona  as 
the- given sAt;aaQr flow. The question is whether tho nonsteady flow 
damps t o  the steady flow, oscillates about it, or diverges frm it 
wtth time - t ha t  is, whether the a m a l l  perturbations a re  dampod, 
.neutral, or self-excitsd disturbances i n  time, and thw d e t h e r  
511e given steady gas flow is stablo or  unstable. The aml.ysls i e  
partEcubrLy coficemod ~ 5 t h  the  conditions fox tho existence of 
neutral dieturbancas, which mark the t rans i t ion  from stable  t o  
unstable f1o.r.r and define tho minimum c r i t i c a l  Reynolds numbor. 

In order t o  bring out eome of tihe principal fea twqs  of the 
s t ~ b i l i t y  problem without beccaning involved i n  hopeless mathe- 
matical ccanplicatiom, the so l id  boundary is taken as two dimen- 
~ i o n a l  and of negligible curvature end the boundary-layer flow i s  
regarded a s  plane and essent ial ly  paral lel ;  t h a t  is, the velocity 
coqonont in  the direction n o m l  t o . t h e  sur face ' i s  negligible and 
the velocity conponent p a r a l l e l - t o  the eurfa.ce i s  a functlon mainly 
of the dlstance norm1 t o  the surface. The s m a l l  disturbances, 
which are also  two dimenefonal, are analyzed in to  Fourior ccan- 
ponents, or n m l  modes, periodic in-the dllrection of the f ree  
stream; and the amplitude of each ono of these p a r t i a l  o sc i l l a t iom 
i s  a function of the dlatance normal t o  %he so l id  surface, tha t  

is; 

In the  atudy of the s t ab i l i t$  of ' t he  la?ninar 'boundary layer, 
it wlll be seen t ha t  only .the loca l  properties of the  "parallel" 
flow ara significant.  To include the  variation of the man velocity 
i n  the Urect ion  of the Frae stream or the velocity ca~rpanent no& 
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t o  the  so l id  bomdarg fn t he  problem w u l d  lead only t o  higher araer 
terms in the differentj-a1 equ~~~t ione  governing t h e  disturbancen, 
since Qot21 of these iac tors  Ere in~orerely proportional t o  the loca l  
Remolds rider based en the  boundam-layer thickness. (see,. for 
example, reference 2.) Ply a careful analysis, Pzotoch has shown 
t h a t  even with a pressure gred ient  in the  direct ion of the  f r e e  

, stream the loca l  man-velocity d is t r ibut ion  alme aoter-es the  
s t a b i l i t y  character is t ics  of the  l c c a l  boundary-layer flow a t  
large Reynolds ntnbers ( re f  ereace 9) . Such a statemsnt applies 
only to the  s t a b i l i t y  of tho fZqw within the  born- layer.  For 
the interact ion between the bouflbry 3.ayer and a m a b  "external" 
su>eraonic flow, f o r  oxmnplo, it is obviously the variatf on in 
boundary-layer thickness and mean veloci ty  along tha surface. t h a t  
i s  s i g ~ i f i c m t .  (SOO reference 10.) . 

The aforanen%ioued considerations e l so  lead  q&to natural ly  
t o  the stutiy of individua1:gartial oscilla.f;lozls of the 

form f(;g) o ia(x-ct), f o r  ~ i c h  t h o  e f f e r e n t i d  oqquti*na of 
distwbance do r-ot contain x and t explicitly. Those p a r t i a l  
osc i l la t ions  a re  ideaIly suited f o r  tho study d l  i n s t ab i l i t y ,  for 
i n  order t o  show t h a t - a  flow i e  unstable it is unnecessary t o  . 

consider the most general posnibls disturbance; in fac t ,  tho - 
s i q t l o s t  fl-I1 suff ice.  It i a  only necessary t o  ahoy tha t  a 
particular cilsturbauce. sa t i s fy ing  the  equations of mot ion  and the 
boundary conditions is self-excited or, in this caso, t h a t  the . . . ina@mry p.art of the camplex p b s e  ve loc iw  c is positive. 3 

h reference 8 the  d i f f e ren t i a l  equatiens governing one 
'normal mode of the  &kturbances the lamtr?? 'ooundary layer  of 
a gas were' der.tved and stuCUed very thoroughly. The complete s e t  
of s o l u t i ~  of the Cisturbcnce equations was obtained and t he  
physlcal boun&q conditions that these solutions s a t i s f y  were 
irrvestigated, 1% was found. %hat the f i n a l  r e l a t ion  between tho 

,vnluos of c, a, ar.d R t h e t  detorrafnes tlie possible neut ra l  
dihtwbances (lim5ts of s t a b i l i t y )  is of the sane Tom in t he  
comprosaible fluid a s  -tn the incoqress ib le  f lu id ,  to a flrst 
approximation. . The basis  fo r '  this rest i l t  is tlle f a c t  t h a t  f o r  
Royarqldo numbors of tho order 03 those encaunterod in.most aero- 
Qnamic problem, the  terno-raturo disturbanceu have only a negligible 
effoct on thoso par t icu lar  velo,city so lu t iom .of the d-isturbance 
equatiom t h a t  depend primarily on %ha uiscosi ty  ( v 5 ~ c o w  solu- 
t ions) .  To a ;f i r e t  agproximation, those d s c o b  solu-bions there- 
f o r ~  do not dc-pend d i rec t ly  on tho heat conductivity and are  of 
tho sama form aa in tho fncampros,siblo f lu id ,  except that thoy 
Involvo , tho  Roynolds number based on the H n o m t i c  viscosi ty  noar - tho so l id  bowidary (whom the  viscous forces aro important) ra ther  
than i n  the froo strean. In thie f i r s t  a p p r o m t i o n ,  t h o  oecond 
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vfecosity coefficient,  which is  a memure of the depondonco of the  
pressure on the r a t e  of change of deneity, does not af2oct the  s ta -  
b i l i t y  of the laminar bounaRry layer. 3 2 ~ ~  these resu l t% it waa 
inferred tha t  a t  Largo Reynolds n~rmbera the influence of the >+5scow 
forces on tho stability ia essential9y the  sqne ag in an incom- 
pressible f lu id .  T h i s  infezience is borne out by the r e s u l t s  of the  
present paper. 

The~influonce of :tho Snort ia l  foxcea on the stability of the 
1Elntinar boundary laxer ~ E I  reflected. i n  the behavlar of the a8ylrrp- 
t o t i c  inviscid solutiond of the  disturbance equattom, which are 
fndepondient of Reynolds nujllber in f i r s t  appro-ticm. Tho reewlte 
obtain& i n  referonco..8 show t ha t  the bohavior of the iner t ia l  
fmcoa is. d.ormlnatoa by the distr ibut ion of t11e product of tho moan 

dw 
aensity and moan vor t ic i ty  pa: across the  boundary layor. ( ~ h o  

U3 

w a s r a t  or this quantity, or L~E)), ~tcish ~ b g a  the ssrr, r o l e  
ay ay 

R B  tho gradient of the v o r t i c i t p i n  the  case of an, incomprosoibla' 
fluid,, i a  a mea.auro of the rako at which the x-mntum of -tho . . 
t h i n  layer of f l u i d  near tho c r i t i c a l  layer  ( v i ~ e r o  tr = (3 )  

incrsasos, or  d~croasas, bcca.uea of tho transyor-t of manenturn by 
tho disturbencc.) Jh oxdor t o  clar i fy- tho bohavlox of * o  Inertial 
f orcos, the l imit ing w e e  of an inviecid fluid. (R-+ m) ie utudiod 
i n  d o t a i l  i n  roferonco 8. . The following gcmral  wftor ione aro 

obta9ned: (1) If tho quantity (."") m n i ~ h e '  for oomo valve 

1 
G G 

of w 31 - --. then neutral and self-excited sub~onic disturb- 
M; 

ancos exist and the inviecid comgpssible f l o w  i a  m t a b l o .  

I of w >I- - -, thon a l ~  ~ U ~ B O P A C  t ~ . ~ t u r b a c O s  02 f-to wave 
Mo 

longth are &inpod and the  inviecid ~ m p r o s a l b l e  ?low is stablo. . . 
(outsfdo t h o  boundary layor, tho ro la t ive  vdocity~betwoon tho moan' 
flow and the x-coqonont of the phaso volocity o f ' a  aubeorxLc die- 
turbance is l o ~ s  tho man aonic ~ o l o c i t y ~ .  Tho mgnitude of 
such a Uatircbanco dioa out exponentially with d;lsi;anco f'rm the 
so l id  surfa.co,) (3) lin general, a diafurbanco gatns mmw f r 6 m  -. 

the mean flow i f  &(P$) ia positivo st tho & t i c a l  hyac 

(whore w =. c) and losos pnmw t o  tho moan flow if 






























































































































































































































































































































